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I. Motivation: 

From the theoretical point of view, theories in which gravity is mediated 
by one or more long-range scalar-fields in addition to the usual tensor field 
present in Einstein's gravity are the most natural alternatives to General 
Relativity. Indeed, most attempts to unify gravity with the other interactions 
predict the existence of one (or many) scalar(s) field(s) with gravitational- 
strength couplings. 

If gravity is scalar-tensorial in nature, there will be direct implications 
for cosmology and experimental tests of the gravitational interaction^: one 
expects that in the early universe the coupling to matter of the scalar com- 
ponent of the gravitational interaction would be of the same order of the cou- 
pling to matter of the long-range tensor component although in the present 
time the observable total coupling strength is generically smallQ. 

On the other hand, topological defects are expected to be formed during 
phase transitions in the early universe. Among them, cosmic strings have 
been widely studied in cosmology in connection with structure formation. 
Recently, Wittenfj has shown that in many field theories cosmic strings be- 
haves as superconducting tubes and they may carry electric charge. Later, 
it was shown that cosmic strings can be current-carrying without the need 
of any external electromagentic fieldQ. 
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In this talk we are interested in studying the implications of a scalar- 
tensorial gravity for the metric of an isolated self-gravitating (bosonic) su- 
perconducting cosmic string. In what follows, we will introduce the gauge 
model which describes the superconducting vortex and we will derive its met- 
ric in the weak-field approximation in the scalar-tensor gravity We end this 
talk with some discussions on the results obtained in this work. 

II. The Model: 

We start by introducing the model with which we will deal throughout this 
work. In the Jordan-Fierz frame is is described by the action: 



S = — - I (fx\/-g 

107T 



- - u($) - ~ 



&m [ ^ m j 9^u\ j 



where g^ is the physical metric in this frame, R is the curvature scalar 
associated to it and S m denotes the action describing the general matter 
fields \l/ m . These theories are metric, e.g., matter couples minimally and 
universally to g^ u and not to $. 

In what follows, the superconducting vortex arises from a spontaneous 
breakdown of the symmetries of the gauge model U(l) x U'(l). Therefore, 
the action S m is described by: 

S m = J d A x^g [^L^V + ^D^aDV - hi^E^ - l -F^ - V{\ <p |, | a 

(2) 
with D^ip = (<9 M + iqC^ip, D^a = (d^ + ieA^)a and F^ v and E^ v are the 
field-strengths associated to the electromagnetic A^ and gauge C^ fields, 



respectively. The potential 
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with positive 77, /, X a , \ v parameters, is "Higgs inspired" and contains ap- 
propriate tp — a interactions so that there occurs a spontaneous symmetry 
breaking. A vortex configuration arises when the U(l) symmetry associated 
with the (tp, C M )-pair is spontaneously broken. The superconducting feature 
of this vortex is produced when the pair (a, A^), associated with the other 
U'(l) symmetry of this model, is spontaneously broken in the core of the 
vortex. 

For many reasons, it is better to work in the so-called Einstein (conformal) 
frame in which the kinematic terms of the tensor and scalar fields do not mix: 

S = -^ J d A x^-g [R - 2<?^<R0] + S m [^ m , n 2 (</>) 9lJH/ ], (4) 

where 9iXV is pure rank-2 tensor in the Einstein frame, R is the curvature 
scalar associated to it and fl(4>) is an arbitrary function of the scalar field. 
Action (2) is obtained from (1) by a conformal transformation 

~g iiU = Q 2 (4>)g^ v , (5) 

and by a redefinition of the quantity GQ 2 (<p) = $ _1 , which makes evident 
the feature that any gravitational phenomena will be affected by the varia- 
tion of the gravitation "constant" G in the scalar-tensorial gravity, and by 
introducing a new parameter a 2 = ( "g/ ) — [2o;($) + 3] _1 , which can be 
interpreted as the (field-dependent) coupling strength between matter and 
the scalar field. 



In the conformal frame the "Einstein's" eqs. read: 

GV = 2d IM <f>d v <i>-g ltv g afi d a <t>df i <j> + &KGTp, 

D g( f) = -AnGa((f))T. (6) 

The energy-momentum tensor is defined as usual 

but in the conformal frame it is no longer conserved V M T^ = a(0)TV^0. 
Due to the symmetries of the configuration we are searching for, we set: 

ds 2 = e 2 ^*) (dt 2 - dr 2 ) - P 2 e-™d6 2 - e™dz 2 , (8) 

where the metric functions 7, \I/, and f3 are functions of r only. In addition, 
the metric functions satisfy the regularity conditions at the axis of symmetry 
r = 

T = o, » = 0, £ = 0, £ = 0, »d^ = l. 0) 

ar ar dr 

In addition to the metric of the form (8), we choose a particular ansatz for 
the matter fields in order to contemplate an isolated superconducting vortex: 

<p = R(r)e ie and C M = -[P(r) " lft (10) 

subjected to the usual boundary conditions for a vortex configuration: 

R(0) = and P(0) = 1 

lim R(r) = rj and lim P(r) = 0. (11) 



We also choose a particular form for the pair (a, A^) responsible for the 
bosonic current along the string and external magnetic field, respectively: 

a = <7(r)e^M and A„ = ±[A(r) - ^}S; (12) 

The pair (a, A^) is subjected to the following boundary conditions 

daiO) , A/n . dA(0) 

— ^ = and A(0) = — ^ = 
ar ar 

lim air) = and lim Air) 4^ 0. (13) 

With this choice, we can see that a breaks electromagnetism inside the string 
and can form a charged scalar condensate in the string core. Outside the 
string, the A M -field has a non-vanishing component along the z-axis which 
indicates that there will be a non-vanishing energy-momentum tensor in the 
region exterior to the string. 

With metric given by (8), the Einstein's eqs. read: 

0" = ZnGPe 2 ^^ [T t * + T r r ] 
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(/ty')' = 47rGa(0)/5e 2( ^ ,I ' ) T, (14) 

where (') denotes "derivative with respect to r" . The non- vanishing compo- 
nents of the energy- momentum tensor (computed using equation (5)) are 
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For the purpose of this analyse, we will divide the spacetime into two 
regions: an exterior region, r > r^, where all fields vanish, except of the 
magnetic field generated by the string; and an interior region, r < r , where 
all fields contribute to the energy-momentum tensor. Conveniently, r has 
about the same order of magnitude of the string radius. 



III. Superconducting Cosmic String Solution 
in Scalar- Tensor Gravity: 

The Exterior Solution: 

In the exterior solution, r > r , the energy-momentum tensor (15) reduces 

to: 

1 
T^u = -F rz F rz diag[g tt , -g rr , g ee , -g zz ] (16) 



We also notice that in this region the trace of the energy-momentum ten- 
sor is zero: T = 0. Therefore, the Einstein's equations (14) can be solved 
straightforwardly: 

P{r) = Br (17) 

0(r) = /ln(r/r ) (18) 

j(r) = m 2 ln(r/r ) (19) 

*(r) = nln(r/r ) - M (r ^ + * ] (20) 

where the constant n is related to I and m through the expression n 2 = 
I 2 + m 2 . We notice that the solutions for the funtions j(r) and \l/(r) are 
obtained through the equations: 

r 

and 

R = -2e 2( *^ ) (0') 2 -> *" + -*' " *' 2 = -^- 

We point out that in the framework of a scalar-tensorial gravity, the Rainich 
algebra^ is no longer valid. 

The exterior metric is then given by: 

ds 2 = (r/r )- 2n W 2 (r)[(r/r ) 2m2 (dt 2 - dr 2 ) - B 2 r 2 d6 2 } - ( r / r ) 2n —L-dz 2 

"(21) 

where 
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D L. Witten, ed. "Gravitation: an Introduction to Current Research" (Wiley, NY, 1962). 



and the solution for the scalar field is given by eq. (18). 
The external current is given by: 

^ rdrM = T —^ (22) 

and the energy density per unit length is: 

t \ f i rpt A Aa Bn k ( r */ r o) 2n ~ 1 {OQ \ 

e(n) = J ^T t drd9 = — — {rJro)2n - - (23) 

The constants B,l,m,n will be determined after the introduction of the 
matter fields. 



The Internal Solution: 

In the internal region all fields contribute to the energy-momentum tensor, 
which makes impossible to solve analytically eqs. (14) with T*f given in (15). 
Hereafter, we will consider these eqs. in the weak-field approximation. That 
is, we will consider that the exterior and interior metrics are only weakly per- 
turbed from the flat space metric. The reason why we can use this approach 
is twofold: First, strings of cosmological interest present GQ 2 (<p)Mj: <^i 1, 
where here we have used the source tensor defined by ThorneQ 

M^ = -2vr f T»{r')r'dr' 
Jo 

[M\ is the energy density per unit length). Second, we can consider that the 

scalar field is a small perturbation on the flat space metric^]. Hence, 

<p = 0o + 0(i) and tt((fr) = Q((j) ) + fi'(0 o )0(i) 
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Linearising eqs. (14) to the lowest order in Gfi 2 ((f))M^ we have the solu- 
tions: 

^ ~ 1 - 87rGfi 2 (0 o ) f [a 2 A62 + R 2 P 2 + 2ft 2 (0 o MP, a)]rrfr 
dr Jo 

In r = r , we have: 

d/3(r ) 



fro 

B ~ 1 - 87rGfi 2 (0 o ) / [^62 + P 2 P 2 + 2fi 2 (0 o )^]rdr (24) 
Jo 

r7\]> rr A' p> 

r 87rGfi 2 (0o) / k 2 A 2 +fi- 2 (0 o )(-) 2 -fi- 2 (0 o )(-) 2 +fi 2 (0 o )\/( J R ! a)]rrfr 
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dr jo 

r7\]> rr A' P' 

rg' 
In r = ro, we have: 



d^(r ) 87tGT2 2 (0 o ) f" 9 , 9 ^ 9/ , w A' s9 ^ 9/ , W P\ 9 ^ 9/ , XTr/ „ ,, , 

_^Z „ ^Z / ct 2 A 2 H-Q- 2 0o )(— 2 -Q- 2 o )(— ) 2 + fi 2 (0o)^ (R,<r )]rdr 

dr r Jo e rg 

-8ttG \\—) 2 rdr 
Jro e 

The second integral in the r.h.s. of eq. above is just the expression of 
the energy density (23). On the other hand, linearising the exterior metric 
function \l/(r) given in (20), we have: 

1 — k no A 1 P' 

n „ 8ttGQ 2 (0 o ) / [a 2 A 2 +fi' 2 (0 o )(-) 2 -^ 2 (0o)(-) 2 +fi 2 (0o)V( J R,a)]rrfr 

1 + k Jo e rq 

(25) 
Linearising the eq. for the scalar field, 



4ttG 



a(0o)^ 2 (0o) / T(r')r'dr'. 



dr r Jo 

Making the junction with the exterior solution in (18), we have: 

pro 

I ~ 47rGa(0o)^ 2 (0o) / [P' 2 W 2 + P 2 P 2 + a 2 A 2 + 2fi 2 (0 o )^(P, <x)Wr (26) 
Jo 



10 



Bending of Light Rays: 

A light ray coming from infinity in the transverse plane has its trajectory 
deflected, for an observer at infinity, by an angle given by: 



dr[- 

- mi n 



2 1—2 
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where r min is the distance of closest approach, given by 4? = 0: 



r 



mm) ,2 
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which gives in turn: 



J \l/(l-m 2 ) 



r Br 

We can now evaluate the deficit angle to first order in GQ 2 ((po). Perform- 
ing an expansion to linear order in this factor, in much the same way as Peter 
and PuvR we find: 



A6 = —^ — _[-(l + m 2 ln-^-)-m 2 H-7r, (27) 

5(l-m 2 ) L 2 V Br J J V ; 



where we have defined the quantity v as 



f 1 Ins 
v=- ds ~ 1.08879 



with s = ^-{ JL ) m - 1 . 
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IV. Discussions and Conclusion: 

In this work we have considered a superconducting vortex arising from a 
U(l) x U'(l) model coupled to a scalar-tensorial gravity. We found the metric 
in the weak-field approximation. As expected, the dilaton contributes to the 
observable quantities (e.g., the deficit angle), albeit in this approximation its 
contribution is very small. In particular, the deficit angle given by expression 
(27) depends explicitly on the current and the dilaton, although eq. (27) is 
very difficult to be analysed. In summary, the results found in the present 
work deserve further numerical analysis, which is being done currently^. 
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